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1 Introduction 



The excited states of the Calogero- Sutherland model [14| and its relativistic model 
(the trigonometric limit of the Ruijsenaars model) JllJ are described by the Jack 
polynomials [13[ and their g-analog (the Macdonald polynomials) ||, respectively. 
Since the Jack polynomials coincide with certain correlation functions of Wn 
algebra |8|, |I|], it is natural to expect that the Macdonald polynomials are also 
realized by those of a deformation of Wn algebra. 

In a previous paper [HJ], we derived a quantum Virasoro algebra whose singu- 
lar vectors are some special kinds of Macdonald polynomials. On the other hand, 
E. Frenkel and N. Reshetikhin succeeded in constructing the Poisson Wn algebra 
and its quantum Miura transformation in the analysis of the U q (slN) algebra at 
the critical level Q. Like the classical case 0, these two works, q- Virasoro and q- 
Miura transformation, are essential to find and study a quantum Wn algebra. In 
this article, we present a g-WV algebra whose singular vectors realize the general 
Macdonald polynomials. 

This paper is arranged as follows: In section 2, we define a quantum defor- 
mation of Wn algebras and its quantum Miura transformation. The screening 
currents and a vertex operator are derived in section 3 and 4. A relation with 
the Macdonald polynomials is obtained in section 5. Section 6 is devoted to con- 
clusion and discussion. Finally we recapitulate the q- Virasoro algebra and the 
integral formula for the Macdonald polynomials in appendices. 



2 Quantum deformation of Wn algebra 

We start with defining a new quantum deformation of the Wn algebra by quantum 
Miura transformation. 

2.1 Quantum Miura transformation 

First we define fundamental bosons h l n and Q l h for i = 1,2, ■ ■ ■ , N and nsZ such 
thatQ 

IK, hi] = --(i - g")(i - r") ^_ pNn P Nn6 ^ <W,o, 

i N N 

K Q j h ] = Sa - tt, Y.v m K = 0, £ Qi = o, (l) 

iV 8=1 8=1 

1 We found this commutation relation by comparing the Poisson bracket in Frenkel- 
Reshetikhin's work [Q and the commutator in ours p2[ . The oscillator a n used in is 
given by a n = -nh^p- 11 / 2 /(l - t n ) and a_„ = nh^p^l + p n )/(l - t~ n ) for n > 0. 
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with q, t = q 13 G C and p = q/t. Here #(P) = 1 or if the proposition P is 
true or false, respectively. This bosons correspond to the weights of the vector 
representation hi whose inner-product is (hi ■ hj) = (5ijN — 1)/N. 

Let us define fundamental vertices Aj(z) and g-WV generators W' l (z) for i = 
1, 2, • • • , N as follows: 



J 

W^zp 1 ?) = £ : A^^A^p" 1 ) " • • A^P 1 "*) (2) 
i<ji<-<ii<Af 

and W /0 (z) = 1. Here : * : stands for the usual bosonic normal ordering such that 
the bosons h l n with non- negative mode n > are in the right. Note that 

W N (zp^ L ) =:A 1 (z)A 2 (zp- 1 ) ■ ■ -A^zp 1 -") : = 1. (3) 

If we take the limit t — > 1 with q fixed, the above generators reduce to those of 
Ref. U|]. These generators are obtained by the following quantum Miura trans- 
formation: 

N 

: (p D * - A 1 (z)) (p D * - A 2 (zp- 1 )) ■ ■ ■ (p D * - A N (zp l - N )) : = ^(-^W^zp^p^^ 

(4) 

with D z = z-^. Remark that p Dz is the p-shift operator such that p Dz f(z) = 
f(pz). 

2.2 Relations of q-WN generators 

Next we give the algebra of the above q-WN generators. Let W l (z) = J2n&z W^z~ n . 
Let us define a new normal ordering ° * ° for the g-Wjv generators as follows: 

— { ( -) W i (z)WHw) + Z/TW W j (w)W\z)r ( - 

2mz\l-rw/z J \zj KJ v ' 1-z/rw v ' y ' J \w 

m 

= E EE f? {r m ~ e ■ Wi m Wl +m + r M ■ WL m -iW^ +1 } w' n , (5) 
nGZ m>oe=o 

with 

f I I _ r> in 1 — r)( N -i) n i-i 1 
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P\x) = f*(x), (i<j), (6) 

and f l i(x) = J2e>ofe Jxi - Here (1 — re)" 1 stands for J2n>o xU - Remark that this 
normal ordering ° * ° is a generalization of the following usual one (*) used in 
the conformal field theory: 

dz 1 



(AB) (w) = I — —?—A(z)B(w) 



= {^\ v ^A(z)B( W ) + -^ r B( W )A(z)\. (7) 
Jozmz yi — w/z 1 — z/w J 

The relation of the g-Wjv generators should be written in this normal ordering. 
Here we present some examples of them. The relation of W 1 (z) and W j (z) for 
j > 1 is 

fi (™) w\z)W j {w) - W j (w)W\z)f jl (-) (8) 



w 



(1 -?)(!-« 



with = Enez ^ an d that of W 2 (z) and for j > 2 is 

/2 ' (l) ^("^W - W"'HW 2 (*)/ J ' 2 (9) 

"^(p^^^'+^p-^)^ 

- 6 ( p "i) (t^^w + t^ ,1/j+ Vm) } ■ 

with W l (z) = for « > iV. The main terms of 

f J Q W*(*)W'H - W'HW^)/* (£) (i < j) 



is 



(1 -q)(i- r 1 ) min g^') g (1 _ ^)(1 _ rV) 



1-P jfe M (!-/)(! 
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x { s (p^ 1+k ^) ° Q w i - k (p-h)w i+k (j>^w)° o - 5 (p^~ fe ™) ° w i - k { P h)w j+k (p-^wy ( 

To obtain the above relations, the fundamental formula is 



/ U ( j ) A<(z)A» - A»A 4 (,)/ n (£) 



0. 



(!-«)(!-«-') ]:Ai(z)Aj{w) 



r- n )x~ n 



1 — p V V z J \ z 

for i < j, here we use 2 

exply -(1 -q n )(l -r n )x n l -exply -(1 -g- n )(l 

= (l ~ 9 1 )(l ~ rl) ( 6{x) - 5(px)) . (10) 
1 — p 

To calculate the general relations, the following formulae are useful: 
exp -(1 - q n )(l ~ t- n ){l + r n )xA - exp |]T i(l - g~")(l - T)(l + 

ln>0 n J ln>0 n 

(1 — — r) [ 1 — pr 

-(r-gKr-r 1 ) ^)-^) \ (ii) 

r — p J 

with r ^0; For r = 1 or p , the right hand side of (|ll|) should be understood as 
the limit r — > 1 or p ±l , respectively; And f^(x) = Y\ l k=i f^(p 2 fc;r ) f° r i < j- 

2.3 Example of g-W 3 

N = 2 case is Vir gi studied in Ref. |T2|] (see appendix A). 
Here we give an example when N = 3. The generators are 

W\z) = A 1 (z)+A 2 (z)+A 3 (z), 

W 2 (z) = Ai(zp2)A 2 (zp-3) + Ai(zp?)A 3 (zp~?) + A 2 (zp^)A 3 (zp~^). (12) 
The relation of these generators is 

f 11 (™) W\z)W\w) - W\w)W\z)f 11 (~ 



2 In these kinds of formulae we use exp {— J2 n >o x n /n} — 1 — x = — xexp {— J2 n >o x n / n }- 
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/ 12 (-) W\z)W\w) - w\w)w\z)r (-) 

z - - "'f; rl) { * fc) w i-i) - * (h,,-) ^ 

with 

A*) = ex p{E^(i-0(i-o[^^} = / 22 W, 

A*) = exp|s^(l-? B )(l-*- B )^^P^ B | = / 21 (x). 
Note that there is no difference between W 1 and W 2 in algebraically. 

2.4 Highest weight module of q-WN algebra 

Here we refer to the representation of the g-WW algebra. Let |A) be the highest 
weight vector of the g-WV algebra which satisfies W*|A) = for n > and 
i = 1, 2, • • • , N- 1 and W&\\) = A*|A) with A i e C. Let M A be the Verma module 
over the q-Wjy algebra generated by |A). The dual module is generated 
by (A| such that (\\W l n = for n < and (\\W£ = A'(A|. The bilinear form 
M* x <g> M x -> C is uniquely defined by (A|A) = 1. 

A singular vector |x) e M A is defined by = for n > and Wq|x) = 

(A* + iV*)|x) with TV* e C. 

3 Screening currents and singular vectors 

Next we turn to the screening currents, a commutant of the q-V^N algebra, which 
construct the singular vectors. 

3.1 Screening currents 

Let us introduce root bosons a l n = h l n — h]^ 1 and Q l a = Q\ — Q 1 ^ 1 for i = 
1, 2, • • • , iV — 1. Then they satisfies 

K,<] = --{l - q n ){l - t- n ) {(1 +p- n )S id - 6 i+1J - p-» Si-u} 5 n+mfi , 
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and 

K, <] = ^(1 - <T n )(l - r B ) {<f 5 M - T <W <Wm,o, 

Note that [hi + p n h^\ ajj = 0. 

By using these root bosons, we define screening currents as follows: 



(13) 



(14) 



1 n^o 1 y 



J—O* — rv 4 



(15) 



Then we have 

Proposition. The screening currents satisfy 

: (p D * - A 1 (z)) (p D ° - A^p- 1 )) • • • (p^ - Aiv(V^)) : , SlH 

= (1 - ^(1 " t^)^- : [f> - A l( ,)) ■ ■ ■ (f> - A^(zp^)) 

t 

•5 i^V 1 ' 1 ) A{™)P DZ (P° z ~ W^T 1 -*)) • • • (p Dz ~ A^(V^)) : , 



xw i 



with 



5* 



t n hi - 



. e y/fiQi. w y/^ iq y/ph^ 1 p ^-i-l^ 



d 



Here ^f(w) = (f(w) - f(^w))/((l - t)w). 
Proof. First, we have 



[K(z), S{(w)} = (t-l) Sij 5 (-9) : A^SUw) : 



7 



[w : . 



(16) 



+( q -i)s i:j+1 s(^ty.A j+1 (z)si 

Here we use the following formula: 

g Tl exp \±J2 -(1 -q n )x n )-exp |± ^ -(1 -g- n )a;- n } = (g Tl -l) 5 (rrg 1 ^) . 

I n>0 U J I n>0 n J 

(17) 



The operator parts are 



: \j(wq)S 3 +(w) : = A{(wq)p, : A j+1 (w)S J + (w) : = A J + (w), 
: Aj(w)Si(w) : = Ai(iu), : A j+1 (wt)S J _(w) : = Ai(urf)p _1 . (18) 



Next, 



[A,(z)+A m (z),^H] = -(i-^)(i-*=f 

[: A^Wzp" 1 ) :,^H] = 0. 
Hence, 



:1 d 



(19) 



: (pP- - \(z)) (p D ° - A t+1 (zp- 1 )) : , S^w) 

= (1- g ±x )(l - t^)-±- \w5l-) A%{w) \p»*. (20) 



dim 



This gives us the proposition. □ 
Therefore, the screening currents S±(z) commute with any g-VW generators 
up to total difference. Thus we obtain 

Theorem. Screening charges § dzS± (z) commute with any g-Wjv generators. 



3.2 Singular vectors 

Let T a be the boson Fock space generated by the highest weight state |a) such 
that <|0) = for n > and |a) = explX^ 1 a l Q\}|0> with Q\ = J2) =1 Q{. 
Note that agio;) = a l \a). And this state |a) is also the highest weight state of 
the q- WW algebra. 

We denote the negative mode part of S]_(z) as (S+(z))- = exp jl]ri<o tz^-- 2 "™} 
Then we have 

Proposition. For a set of non-negative integers s a and r a > r a+1 > 0, (a — 
1, • • • , N — 1), let 

a a r . s = yfp(l +r a - r a _i) - -^=(1 + s a ), r = 0, 
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= V^ 1 - T - + r *+l) ~^ 1 + Sa ^ TN = - (21) 

Then the singular vectors \xts) e are r ^alized by the screening currents as 
follows: 

r N-l r a 

\Xr,s) = f II II dx* ■ Sl(x{) ■ ■ ■ ■ ■ ■ S^x?- 1 ) ■ ■ ■ S»-\x™)\arJ 

a=l j=l 

/N—l r a ^j,a N—l r a 
nn^nn (^,p* a+i ) a^c^) nwp(5+M))- • k.> 

o=l j=l X j 0=1 j = l 

(22) 

with x N = 0, x = 1/x and 



„>Q - Q ) i^j { n>0 n 1 ~~ Q X i 

(r+l-2i)/3 



xr ; • (23) 



1 1 - t n fx 

exp<j ^ 

Proof. The operator product expansion of the screening currents is 



c(x) = nexp E-rri [fn-v n f n n 

i<j U>0 '* 1 V \ x j x i / J i=l 



1 1 _ +n T « 1 r r 

^(xx)-^) = nexp -E^d^ 1+ ^ n^ (r -° = n^): 

j<7 I n>0 1 y -^i J j=i i=i 



^(x)^(y) = expi-E^^(l+P n )5|^:^(x)^(y):, 

I n>0 IL L H x ) 

Since 

1 1 - f 

ex P i - 1^ 

i<j 

= A(x)C(x)f[xt^:f[Sl(x t ): : (25) 

i=l i=l 

and 

iV-1 r a AT-1 r a 

: n n s i&) ■ i5r,.> = n riK) (i - ra+ra+i) ^ (i+sa) (^(^))- • k,.>, (26) 

a=l i=l a=l i=l 

we obtain the proposition. □ 
Note that C(x) is a pseudo-constant under the g-shift, i.e., q Dxi C(x) = C(x). 
The expression in ( pi]) is the same as that of g = 1 case [p]]. 
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Remark that the singular vectors are also realized by using the other screening 
currents S % _(x) by the replacing t with q' 1 and y 7 /? with — 1/vT? in (|22|) , that is 
to say: 

r N~i T a 

\x7, s ) = f n n ■ ■ ■ ■ sho ■ ■ ■ s n ~\x^) . . . s»-\x?-_\)k !S ) 

a=l j=l 

' N ~ 1 Ta dx a N ~ 1 Ta 



nn^n n - (^,* a+i ) a^c^) nwr'-o^w))- ■ k.>. 

« — 1 A — 1 $ -i « — 1 A — 1 

(27) 



a=l j=l a=l j=l 



where a rs , a rs , n_, A_ and C_ are obtained from those without — suffix by the 
replacing t with q and yf]3 with — lj^fft. And (S®(z))_ is the negative mode part 

4 Vertex operator of fundamental representa- 
tion 

Now we introduce a vertex operator. Let V(z) be the vertex operator defined as 

V(z) = :exp | - ]T -^P'^z- n | : erV^^-v^. (28) 

When g = 1, this V(z) coincides with the vertex operator of fundamental rep- 
resentation. Note that the fundamental vertex Ai (z) can be realized by V(z) 
as 

Ai(zp3) =:V(zq- 1 )V- l {z): . (29) 

Hence, this vertex operator V(z) can be considered as one of a building block of 
the g-Wiv generators. We have 

Proposition. The vertex operator V(w) enjoys the following Miura-like relation: 
P°* ~ 9 L ( j ) AxW) • • • (> - / (^) A.(V- iV )) : 
-VH : (> - (£)) • ■ ■ {p D ° - K N {zp l ~ N ) 9 R (^)) = 

= p^(l - r 1 ) 5 f— p^J : Viwq' 1 ) (p Dz - A 2 (zp~ 1 )^ • ■ ■ (p D * - K N {zp 1 ' 

and 

- exp ( E I (1 _ t »)^ 

ln>0 " - 1 



i 
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Proof. The fundamental relation is 



g L (J) A,(z)7(ti)) - ^(«;)A i (z)^ (1) = P ^ (r 1 - 1) * M 5 (^p* j V (wq~ } 

(31) 

i.e., 

(f' ~ 9 L (f ) Hz)) V(w) = V(w) (p D * - K{z)g R (£)) 

+ r 1 ) <5 M 5 (^pij K^g- 1 ), (32) 

here we use : Ai(u>p2)y(it;) := V(wg~ 1 )p'^2 J ". By using this relation ( |32|) and 
V r (w)A i (z)5f iJ (z/w) =:V(w)A i (z) :, we obtain the proposition. ^ 
For example, when N = 3, the relation between the vertex operator V(w) and 
the g-Vy^v generators is 



W\z)V(w) - V(w)W\z)g R (£) = pit' 1 -1)5 {^P*\ Viyoq' 1 ), 
9 L (~ ) / ( jp) W^(zp-i)V(«;) - (£) 9 R (V 1 ) 

= p(r 1 -l)(jC-p3V:V(«>g- 1 )A2(wp"5): + :V{wq- l )k z (wp~^) : ) .(33) 



5 Macdonald polynomials 

Finally we present a relation with the Macdonald polynomials. The excited states 
of trigonometric Ruijsenaars model are called Macdonald symmetric functions 
P\(z) and they are defined as follows: 

HP x (zi, ■ ■ ■ , z M ) = e x P\(zi, ■ ■ ■ , z M ), 

ff = EII^-^. e x = Y,t M -Y\ (34) 

i=i j^i z i z j i=i 

where the A = (Ai > A2 > • ■ ■ Am > 0) is a partition. 

The Macdonald polynomials with general Young diagram A are realized as 
some kinds of correlation functions of the screening currents and vertex operators 
of the q-Ww algebra as follows: 
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Theorem. Macdonald polynomial P\(z) with the Young diagram X = £)i=i (s 
fi > r i+ i is written as 



i )i 



P x (z x , ■ ■ ■ ,z M ) oc 



{ h 1 M 1 

l n>0 1 « i=l J 



(35) 



Here |%r,s) J 's a singular vector in (|2^). 



Note that the operator part of the above equation is the positive mode part 
of the product of the vertex operators (p8|) . The Young diagram is as follows: 




SiV-2 Sjv-l 




Proof. First we have 



io J exp 



E IL n \ ~> 
1 _ n 

n>0 1 V — 1 



(36) 



C 1.1 M "j 5 

ex P - E tz^t E *" W = n 0>^ x ) M 5 + 

I n>0 1 9 i=l J 

By fl2~2"D , the right hand side of the equation of this theorem is 

/iV— 1 r a N—l r a 

n n^-n (z^x 1 ) n n r^p^ 1 ) A(x a )c(x a ) n(4r sa > ( 3? ) 
a=l j=l X j a=l 7 j=l 

If we replace x a with (p a x a ) _1 in fl3~7|), then the integrand coincides with that of 
the integral formula for Macdonald polynomials in Ref. 0] except for the C(x) 
parts. For the integral representation of the Macdonald polynomial, we need only 
the property with respect to a g-shift. Since this C(x) is a pseudo-constant under 
it, i.e., q Dx iC(x) = C(x), they are integral representations of the Macdonald 
polynomial (see appendix B). |-| 
Remark that the Macdonald polynomials with the dual Young diagram A 

>o<-. .<? jvr 1 \ 1.11 . i .i . / \ 



\Xr,s) in (13) as 



) ' 2 ) ' ' " j ' N-l 



are realized by using the other screening currents S l _(x) with 



f h l M 1 

Py (~z) oc (a- s \ exp - £ — n — £ 

I n>0 1 V i=l J 



(3* 
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6 Conclusion and discussion 



We have derived a quantum WV algebra whose some kinds of correlation functions 
are the Macdonald polynomials. 3 

Jack polynomials are realized in the following two ways (see also 0): one 
is some kinds of correlation function of WW algebra [§, [ij, the other is suitable 
combinations of correlation functions of sIn algebra 0. The relations between 
Macdonald polynomials, the q-Wjy algebra and the U q (sljy) algebra are interest- 
ing. 

In the classical limit h — > with q = e h , g-Miura transformation (|J) reduces 
to the classical one. Since the right hand side of it is order % , the left hand 
side must be the same order. To do so, Ti expansion of the g-VW generators 
must be nontrivial. Moreover, the classical generators are obtained as a linear 
combination of the g-WV generators. 
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Appendix A: Quantum Virasoro algebra 

In this appendix, we give an example when N = 2, i.e., Vir q>t in [|T^J. The 
fundamental bosons h\ and Q\ satisfy 

l n ni n m\ - ~~ , , „ <Wm,0, [ A Q> ^hl ~ 9- l d9 J 

lb X \~ L) — 

The root bosons are a\ = (1 +p~ n )h\ and = 2Q\. 

The q- Virasoro generator W 1 {z), the screening currents S±{z) and the vertex 
operator V(z) are now^ 




W\z) = : exp \ Kz~ n \ ■ q^ hh P^+ ■ exp <j - h \v~ n z~ n \ ■ q-^~ P %'^ 



After finishing of this work, we received the preprint "Quantum W-algebras and elliptic 



algebras" by B. Feigin and E. Frenkel (q-alg/9508009). They discuss similar things with ours 



Although the algebra of screening currents is considered there, the normal ordering of q-W 
generators and the relation with the Macdonald polynomial are not given. 
4 The same operator with S+(z) was considered in ]io| . 
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, r+ = q, r_ = t, 



V(z) = : exp I - j^P~^z~ n | = e^^-V^S. (40) 



The relations of them are 
/H (Hf) W\z)W\w) - W^HW^z)/ 11 f- 



(1 - q)(l -t~ l ) r /tu \ /w 



1 — P 



/"W^exp^ K 1 -^ 1 ;'-) ^ , (4!) 



w^),4M] = -( 1 -^ 1 )( 1 - tTl )^{ w5 (7) A ±H}' 

U#o 1 r ± J 



/ (7) ^(^H - khw^O*)^ (~) = p3(r J -1)5 (™ P ^ viwq- 1 ), 
l . r 1 1 „ 1 _i±i 

g*(x) = exp n - ±n P ±2 x n \t 4 . 42 
For non-negative integers s and r > 0, the singular vectors |x rs ) G JF ars are 
\Xr, s ) = <l JJdxj ■ SKxt) ■ ■ ■ Sl(x r )\a_ rjS ) 

3=1 

= / n — ■ n(^)"'(^+(*i))- ■ k,.>, (43) 

3=1 X 3 3=1 

with a); s = a/5(1 +7") t=(1 + s). A(x) and C(x) are the same as (|23|) . 

V/ 3 



Appendix B: Integral formula for the Macdonald 
polynomials 

Finally, we recapitulate the integral representation of the Macdonald polynomials 
01 (Ullll i n the q — 1 case). Let us denote the Macdonald polynomial defined by 
(HD as P x (z; q, t) or P\(zi, ■ ■ ■ , z M ',q,t). 
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Proposition. The Macdonald polynomials with the Young diagram X = X^i 1 ( s ? 
or with its dual X' = fr* 1 , r^ 2 , ■ • • , r^Tj 1 ) are realized as follows: 



Px(z;q,t) oc fH JJ^-n^x 1 ) J[ U (x a ,x a+1 ) A(x a )C(x a ) ]]_{x^y a , 

J a=l j=l X j a=l j=l 

/N-1 r a ^ N-1 r a 

n n^f-n^^ 1 ) n n (^ ia+i ) A M^ a )n(^) s °. 
a=l j=l X j a=l j=l 

with an arbitrary pseudo-constant C(x) such that q Dx *C(x) = C(x). Here 
y) = n«(l + x iVj)- n and A are in (|2^j. 

Proof. This proposition is proved by using two transformations in the follow- 
ing lemmas iteratively. The first transformation adds a rectangle to the Young 
diagram and the second one increases the number of variables. □ 

Lemma 1. Galilean transformation, (eq. (VL4.17) in ||) 



P\+(s r ) ' ' • > x r) = P\(Xl, • • ■ , Xr) II X i- 



(44) 



i=l 



This transformation adds a rectangle Young diagram to the original one: 



A 



Lemma 2. Particle number changing transformation. 




M 



dy :j 



Px(x ir --,x N ;q,t) oc f Y[ — n(ar, y)A(y)C(y)P x {yi, - • ■ , y M \ q, t), 

J j=i Vi 

I M dy ■ ~ 

Px(x u - ■ ■ ,x N ;t,q) oc f Y[—U(x,y)A(y)C(y)P x (yi,---,y M ;q,t), 

J j=l Vi 

hereC(y) is an arbitrary pseudo-constant q Dy iC{y) = C(y) and X' is a dual Young 
diagram of X. 

Proof. Let us define scalar products (*, *) and the another one (*, *)' N as follows: 



(/,<?> 



n .</(/')■ 



n>0 27ri Pn 



^'^hJk^ (x)m9(x) 

3=1 J 



(45) 
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for the symmetric functions / and g with p n = J2iLi%f, Pn = n j^F'S~ anc ^ 
x] = 1/xj . Here we must treat the power-sums p n as formally independent 
variables, i.e., -§^-p m = $n,m for & U n, m > 0. Then (eq. (VI. 4. 13) and (VI. 5. 4) 
in I) 

U(x,y) = J2Px(^^t)P x (y;q,t)(P x ,P x }-\ 

A 

U(x,y) = J2 P x(x;q,t)P x/ (y;t,q). (46) 

A 

Since the Macdonald operator is self-adjoint for the another scalar product (*, *)' N , 
that is to say (Hf,g)' N = (f,Hg)' N (eq. (VI.9.4) in f§), the Macdonald poly- 
nomials are orthogonal for this product (P x , C P u )'n oc 5 x>li with an arbitrary 
pseudo-constant C . The proposition follows from the completeness ([46]) and the 
orthogonality of Pa's. □ 
Remark that the above lemma 2 is also proved directly by using the power- 
sum representation of the Macdonald operator |IJ. Since that is also important 
to analyze the algebraic properties of the Macdonald polynomials, we review it 
here. 

Proposition. Macdonald operator H{x\, • • • , x^) are written by the power sums 
Pn = YliLi %i as follows: 

H = A / T^exp ^—'—PnC] exp fetf - 1)^^ 



t-lf 1-Kli n J d Pn J t-1 

(47) 

Proof. Since q Dx *p n = ((q n — l)x™ + p n ) q Dx >, we have 



q^ = :exp - 1)$°] : = f ^- £ <C ■ exp {^l 



(48) 

here : * : stands for the normal ordering such that the differential operators 
are in the right. It follows from eq. (III. 2. 9) and (III. 2. 10) in |6j that 



tx- — x ■ t N ( 1 — t~ n 1 1 

Enf^E^ = ^exp E^f-P„e \-j±- r (49) 

i j^i x t X J n>0 fc 1 ln>0 " ) L 1 

This gives us the proposition. □ 
Let Hn(x\, ■ ■ • , xn) = t~ N ((t — l)H(xx, ■ • ■ , xn) + 1), then 

H N (xx,-'-, x N )ll(x, y) = H M (y u • ■ ■ , y M )H.(x, y). (50) 

With the self-adjointness of H for the another scalar product, we obtain the 
lemma 2 again. 



16 



References 



[1] H. Awata, Y. Matsuo, S. Odake and J. Shiraishi, Phys. Lett. B347 (1995) 
49-55; Excited States of Calogero-Sutherland Model and Singular Vectors 
of the W N Algebra, |hep-th/9503043| , to appear in Nucl. Phys. B; A Note 
on Calogero-Sutherland Model, W n Singular Vectors and Generalized Matrix 
Models, |hep-th/9503028| , to appear in Soryushiron kenkyu (Kyoto) 

[2] H. Awata, S. Odake and J. Shiraishi, Integral Representations of the Mac- 
donald Symmetric Functions, |q-alg/9506006| 

V. Fateev and S. Lukyanov, Int. J. Mod. Phys. A3 (1988) 507-520 

E. Frenkel and N. Reshetikhin, Quantum Ajfine Algebras and Deformations 
of The Virasoro and W-Algebra, |q-alg/9505025] 

L. Lapointe and L. Vinet Exact Operator Solution of the Calogero-Sutherland 
model, |hep-th/95070T3| 

I.G. Macdonald "Symmetric Functions and Hall Functions" (2nd ed.), Ox- 
ford University Press 1995 

A. Matsuo, Invent. Math. 110 (1992) 95-121; 

I. Cherednik, Integration of quantum many-body problems by affine Knizhnik- 
Zamolodchikov equations, preprint, RISM-776 (1991) 

K. Mimachi and Y. Yamada, Singlar vectors of the Virasoro algebra in terms 
of Jack symmetric polynomials, Kyushu univ. preprint (November 1994), to 
appear in Commun. Math. Phys. 

K. Mimachi and Y. Yamada, Talk at the workshop "Hypergeometric Func- 
tions" at RIMS, 1994 Dec. 12-15 

Y. Pugai and S. Lukyanov, Bosonization of ZF Algebras: Direction Toward 
Deformed Virasoro Algebra, hepth/9412128 

S.N.M. Ruijsenaars, Comm. Math. Phys. 110 (1987) 191-213 

J. Shiraishi, H. Kubo, H. Awata and S. Odake, A Quantum Deforma- 
tion of the Virasoro Algebra and the Macdonald Symmetric Functions, ^ 
alg/ 9507033] , to appear in Lett. Math. Phys. 



R. Stanley, Adv. Math. 77 (1989) 76-115 

B. Sutherland, Phys. Rev. A4 (1971) 2019-2021; A5 (1972) 1372-1376 



17 



